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Introduction

T is well known that the solution of boundary-layer equa-

tions can be achieved in the form of a tridiagonal matrix.!
In the case of inverse calculations, such as those associated
with separated flows,!? the external velocity u, becomes part
of the solution, and although the tridiagonal matrix can still
be used, there are consequences, which include an increase in
computing requirements. The following section describes an
algorithm, based on that of Ref. 3, which allows the formula-
tion of the inverse problem to conform to that where the
external velocity is prescribed. The minor changes required
within the framework of the box scheme! are described.

Bordering Algorithm
It is convenient to solve the two-dimensional steady incom-
pressible laminar boundary-layer equations in the form

g aw S = x<f’a—;;' —f"%i) 1)
n=0, f=f"=0, =19 [ =w 2)
where
w=u/ug, n="C/vx)y, ¥ =uwxf(x,n)

Using Keller’s box method,!* Egs. (1) and (2) are expressed as
a system of three first-order equations:

f'=u, u'=v (3a)

dw ou af

’ 1 - = o yL
v’ + Yafv + xw x<u F v3x> (3b)

N ="Te u=w @
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Next, on a finite-difference net, denoted by 1=<n <N,
1=j=</,

XO=0, X,,=Xn_1+k,,_1, n=1,2,...,N

"70:0’ nj=nj—l+hj—l’ j=1923'-',-]; N7 = Ne

the finite-difference approximations to Egs. (3) and (4) are
written and linearized with Newton’s method, and the result-
ing system, with the coefficients (sy); (k = 1-7) and (7y);
(k = 1-3) given in Ref. 1, is

&f; — ofj—1 — (hj— 1/2)(0u; + du;_ 1) = (ry); (5a)

Buj - Suj_l — (hj_. 1/2)((5\)]' + évj_ 1) = (f'g)j_1 (Sb)

(Sl)j6Vj + (sz)jﬁvj_l + (S3)j6f}' + (S4)j6j}_1 + (s5)j6uj
+ (Se)jouj 1 + (57);0w = (r); (5¢)

o8fo=0, ouy =0, du; = ow (6)

In cases where 6w must be determined as part of the solu-
tion, interaction between inviscid and boundary-layer equa-
tions may be achieved by using the Hilbert integral, as sug-
gested by Veldman,” or by specifying the displacement
thickness, as by Carter and Wornum.6 The interaction for-
mula can be expressed as

Y19f7 + v20w = (r3)s Q)

where v;, v, and (r;3); are coefficients that depend on the
particular formulation.

With the introduction of appropriate vectors and matrices,
the preceding linear system can be written in a matrix-vector
form! as
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5Vj 0 . 0
0
(s7);
. 0
Lo 0
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(r3)0 (r3)j (S7)J_ 1 0
I 1 - hJ/2
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(11a) The term (s7);6w in Eq. (5c) causes the coefficient marix 4

In Eq. (10), A, B, C;, and D; are 3 X 3 block matrices given
by

1 0 0
AO == O 1 O
0 —1 —hy/?2
1 —hj_1/2 0
Aj=|(s3); (s5); (s1);
0 -1 — /2
I<j=J-1
1 —hy /2 0
Ay=1(s3); s)s+(s7)s (50s
T Y2 0

-1 —h_/2 0
Bi=|(sa); (¢ (52

0 0 0
l=j=<J
00 0
Ci=i0 0 0 R O=<sj=<J-2 (11b)
01 —h/2
0 00 0O 0 0
Do=0 0 0], D=0 (s, 0
0 0 0 0 0 O
l=sj=<J-2 . (11¢)
0 0 0
Dy =10 (s 0
0 1 —h;/2

For convenience, we write the D matrix as

D=1[D,, D, Dj] (12)

to have a form other than tridiagonal, as indicated in Eq. (9),
and this prevents the use of the efficient block-elimination
method discussed in Ref. 1. A consequence was the develop-
ment and use of the Mechul function approach,! where w; was
an extra unknown and the coefficient matrix 4 became tridi-
agonal with 4 X 4 blocks rather than the more convenient
3 x 3 arrangement normally associated with standard two-di-
mensional boundary layers. An immediate consequence was
reduction of the efficiency of the numerical method and, as
the number of equations increases to represent compressibil-
ity, heat transfer, three-dimensional flows, and transport tur-
bulence models, this deviation from the tridiagonal arrange-
ment makes the solution of the linear system increasingly more
difficult.

To overcome this deficiency and to return to a 3 X 3 tridiag-
onal arrangement, we use the bordering algorithm in which we

write Eq. (8) as

aA+Ds;,=R (14a)
ETA+A,;8;,=r, (14b)
If we introduce F such that
aF =D (15)
then by substituting Eq. (15) into Eq. (14a), we get
aw =R (16)
where
w=A+F3, an
With Eq. (17), Eq. (14b) can be written as

(A —ETF)3,=r,~E"w (18)

and the solution of Eq. (8) is obtained in the following three
steps:

1) Solve Eqgs. (15) and (16)

aw = R, aF =D 19)
where w and R are vectors and F and D are matrices. Note
that, since the coefficient matrix ¢ has a block-tridiagonal
structure, the solution of Eq. (19) can be obtained efficiently
with the block-elimination method. With F = [ F,, F,, F,],
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the second part of Eq. (19) can be written as vector equations
with the definition of Eq. (12). Note that D is zero and that
we need to solve only two vector equations:

al,= D, aFy= D, 20)
2) With w and F known from step 1, compute
Aj=A;-ETF 1
and
ry=r,-ETw 22
and then solve
Ajd,= 1 (23)

which can be done easily since 4 j is a 3 X 3 matrix, and it is
simple to solve a 3 X 3 system to obtain ¢ ;.
3) Now compute

A=w-Fs, 24)

The above-described algorithm has been applied to prob-
lems where the Mechul function approach had been required
previously. The results have shown it to be more convenient to
use with considerable savings of computer time. It can be
expected that these savings will be even greater for problems
involving a larger number of differential equations.
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Background

HE characterization of the internal wavefield produced
by the wake of a vehicle moving in a stratified fluid is a
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problem in statistics. The recognition that the wavefield con-
tains a prominent random component, generated by wake
turbulence, led to the application of experimental methods
based on ensemble averaging so that both the stochastic radia-
tion and the mean properties of the wavefield could be de-
scribed. For convenience of study, the mean properties can be
thought to be built from a number of separate sources: body
displacement, wake collapse (i.e., a sudden flattening of the
wake by hydrostatic forces), propeller swirl, and hydrody-
namic lift. In reality, all are coupled in a complicated manner,
and shuffle in relative importance as operating conditions
change.

The first published results from the ensemble testing pro-
gram appeared in Ref. 1. These results not only confirmed the
importance of the turbulence-generated random internal
wavefield, but among other things, they revealed the existence
of a sizable propeller-induced wavefield. This particular com-
ponent was isolated by reducing the mean wavefield into even
and odd parts (with respect to the axis of travel) and associat-
ing the antisymmetric part with propeller influences. Here we
will be interested in the average symmetric wavefield only, so
these influences must be removed. Nominally, all of the tests
reported in Ref. 1 were conducted at zero angle of attack, and,
in the present context, they serve as a baseline for studying the
added effects of hydrodynamic lift.

When an axisymmetric body moves at an angle of attack, it
generates lift even in the absence of wings or control surfaces.
At large angle of attack (say a>5 deg), the resulting circula-
tion can be considered to be deposited into the wake in the
form of a turbulent vortex pair. This description is unlikely to
be completely adequate at the small incidence angles of inter-
est here—the vorticity being more distributed. However, re-
gardless of the details, net vertical momentum is imparted to
the wake, altering both its dynamic and kinematic develop-
ment, and, in particular, its capacity to generate internal waves.

Existing analytical procedures for estimating the lift coeffi-
cient (C;) of a streamlined, axisymmetric body as a function
of its angle of attack cannot be criticized for being overly
refined. At one extreme, slender body theory predicts the lift
coefficient to be zero, which obviously is of no help in formu-
lating a forcing mechanism for wave theory. The state of the
subject is summarized in Ref. 2, where one is discouraged to
find that estimates of C; can differ by more than a factor of
2. This circumstance naturally presents difficulties in compar-
ing theory and experiment, but we will see that choosing an
intermediate value of C; appears to produce reasonable results.

An approximate theoretical description of the kinematics of
a turbulent mass with vertical momentum, rising in a stratified
medium, has been given by Tulin and Shwartz? using similar-
ity arguments. Although this theory is rudimentary and some-
what removed from the present flow situation, it has the virtue
of being simple and, for this reason, was the first candidate
examined.

Results and Discussion
Internal Wave Experiments

The experiments were conducted in the 30-ft towing basin at
the Applied Physics Laboratory Hydrodynamics Research
Laboratory. The testing procedure are described fully in Ref.
1, where it is noted that extraordinary care was needed to
assure that the test conditions were very nearly identical for
each member of the ensemble. Measurements in the (determin-
istic) potential flow region indicated that the standard error in
vertical displacement was only 0.1% of the vehicle diameter.
For the present tests, the single-electrode conductivity probes,
used for measuring vertical displacements, were arranged as
shown in Fig. 1. This figure also defines the coordinate system.

The test vehicle (12:1 fineness ratio) was operated at an
average angle of attack of — 2.0 deg (nose down). The present
ensemble consisted of 20 individual runs at an internal Froude
number (F) of 52, where F =27V /ND and N2 = —g/p(dp/
dz)(Nis the Brunt-Vaisala frequency). The ensemble-averaged



